Abstract. In this paper, we give some low-dimensional examples of local cocycle 3-Lie bialgebras and double construction 3-Lie bialgebras which were introduced in the study of the classical Yang-Baxter equation and Manin triples for 3-Lie algebras. We give an explicit and practical formula to compute the skew-symmetric solutions of the 3-Lie classical Yang-Baxter equation (CYBE). As an illustration, we obtain all skew-symmetric solutions of the 3-Lie CYBE in complex 3-Lie algebras of dimension 3 and 4 and then the induced local cocycle 3-Lie bialgebras. On the other hand, we classify the double construction 3-Lie bialgebras for complex 3-Lie algebras in dimensions 3 and 4 and then give the corresponding 8-dimensional pseudo-metric 3-Lie algebras.
Introduction
Lie algebras have been generalized to higher arities as n-Lie algebras ( [8, 12, 13] ), which have connections with several fields of mathematics and physics. For example, the algebraic structure of n-Lie algebras correspond to Nambu mechanics ( [1, 9, 14, 16] ). As a special case of n-Lie algebras, 3-Lie algebras play an important role in string theory ( [5, 7, 10, 11, 15] ). As an instance, the structure of 3-Lie algebras applied in the study of the supersymmetry and gauge symmetry transformations of the world-volume theory of multiple coincident M2-branes. In particular, the metric 3-Lie algebras, or more generally, the 3-Lie algebras with invariant symmetric bilinear forms even attract more attentions in physics. In fact, the invariant inner product of a 3-Lie algebra is very useful in order to obtain the correct equations of motion for the Begger-Lambert theory from a Lagrangian that is invariant under certain symmetries. In order to find some new Bagger-Lambert Lagrangians, it is an approach by concerning 3-Lie algebras with metrics having signature (p, q), or with a degenerate invariant symmetric bilinear form. Therefore, it is worthwhile to find new 3-Lie algebras with invariant symmetric bilinear forms.
On the other hand, it is interesting to consider the bialgebra structures of 3-Lie algebras. Giving a 3-Lie algebra (A, [·, ·, ·]), a coalgebra (A, ∆) such that (A * , ∆ * ) is also a 3-Lie algebra, the most important part for a bialgebra theory is the compatibility conditions. As pointed out in [2] , it is quite common for an algebraic system to have multiple bialgebra structures that differ only by their compatibility conditions. A good compatibility condition is prescribed on one hand by a strong motivation and potential applications, and on the other hand by a rich structure theory and effective constructions. Motivated by the well-known Lie bialgebra theory, the following compatibility conditions are applied in the construction of the bialgebra theory for 3-Lie algebras:
(a) the comultiplication ∆ satisfies certain "derivation" condition; (b) the comultiplication ∆ is a 1-cocycle on A; (c) there is a Manin triple (A ⊕ A * , A, A * ).
The above three conditions are equivalent in Lie algebras, but the equivalences are lost when they are extended in the context of 3-Lie algebras. Hence these conditions lead to the following three approaches respectively.
(a) Based on Condition (a), there is an approach of bialgebra theory for 3-Lie algebras introduced in [3] . Unfortunately, it is a formal generalization in certain sense and neither a coboundary theory nor the structure on the double space A ⊕ A * is known. (b) Motivated by Condition (b) with certain adjustments on the so-called "1-cocycles", there is a bialgebra theory for 3-Lie algebras which is called "local cocycle 3-Lie algebra" in [2] . There is a coboundary theory which leads to the introduction of an analogue of the classical Yang-Baxter equation (CYBE), namely, 3-Lie CYBE. That is, from a skewsymmetric solution r ∈ A ⊗ A of 3-Lie CYBE in a 3-Lie algebra A, a local cocycle 3-Lie bialgebra is obtained.
(c) Based on Condition (c) with the introduction of an analogue of Manin triple for 3-Lie algebras, a bialgebra theory for 3-Lie bialgebras which is called "double construction 3-Lie algebra" was given in [2] . Such a construction naturally provides a pseudo-metric 3-Lie algebra structure over the double space A⊕A * with signature (n, n), where n = dim A, for the aforementioned study of Bagger-Lambert Lagrangians.
In this paper, we continue the study of local cocycle and the double construction 3-Lie bialgebras. The main purpose is to provide examples of such 3-Lie bialgebras systematically. For local cocycle 3-Lie bialgebras, we determine the examples from all skew-symmetric solutions of the 3-Lie CYBE. For double construction 3-Lie bialgebras, we obtain a complete classification. We give an explicit and practical formula to compute the skew-symmetric solutions of 3-Lie CYBE and then as an illustration, we give all skew-symmetric solutions of 3-Lie CYBE in the complex 3-Lie algebras in dimension 3 and 4 whose classification is already known (cf. [4] ). Hence the induced local cocycle 3-Lie bialgebras are obtained. Besides, we classify the double construction 3-Lie bialgebras for the complex 3-Lie algebras in dimensions 3 and 4. As a byproduct, for the non-trivial cases, certain 8-dimensional pseudo-metric 3-Lie algebras are obtained explicitly. These examples can be regarded as a guide for a further development.
The paper is organized as follows. In Section 2, we give some elementary facts on 3-Lie algebras, the local cocycle 3-Lie bialgebras, the 3-Lie CYBE and the double construction 3-Lie bialgebras. In Section 3, we find all skew-symmetric solutions of 3-Lie CYBE in the complex 3-Lie algebras in dimension 3 and 4 and the induced local cocycle 3-Lie bialgebras are given. In Section 4, we classify the double construction 3-Lie bialgebras for the complex 3-Lie algebras in dimensions 3 and 4 and hence give certain corresponding 8-dimensional pseudo-metric 3-Lie algebras.
3-Lie algebras and 3-Lie bialgebras
In this section we recall notions and results on 3-Lie algebras and 3-Lie bialgebras which will be needed later in the paper. We follow [2] to which we refer the reader for further details. 
for any
The fundamental identity could be rewritten with the operator
in the form as 6, 12] ) Let V be a vector space. A representation of a 3-Lie algebra A on V is a skew-symmetric linear map ρ :
Let (V, ρ) be a representation of a 3-Lie algebra A. Define ρ * : Definition 2.7. Let A be a 3-Lie algebra and (V, ρ) be a representation of A.
Definition 2.8. A local cocycle 3-Lie bialgebra is a pair (A, ∆), where A is a 3-Lie algebra, and ∆ = ∆ 1 + ∆ 2 + ∆ 3 : A → A ⊗ A ⊗ A is a linear map, such that ∆ * : A * ⊗ A * ⊗ A * → A * defines a 3-Lie algebra structure on A * , and the following conditions are satisfied:
In order to define the 3-Lie classical Yang-Baxter equation, we first give some necessary notations. Let A be a 3-Lie algebra and r = i x i ⊗ y i ∈ A ⊗ A. For any 1 ≤ p q ≤ 4, define an inclusion · pq : 
6)
where x ∈ A. Then
As is well-known, a skew-symmetric solution of the CYBE in a Lie algebra gives a Lie bialgebra. As its 3-Lie algebra analogue, we have 
There is also a bracket operation [·, 
Skew-symmetric solutions of the 3-Lie CYBE and local cocycle 3-Lie bialgebras
In this section, we obtain a computable formula of the 3-Lie CYBE and apply it to obtain all skew-symmetric solutions of the 3-Lie CYBE in the complex 3-Lie algebras in dimensions 3 and 4. We then obtain the local cocycle 3-Lie bialgebras induced from these solutions.
3.1. Notational simplification of the 3-Lie CYBE. Let {e 1 , · · · , e n } be a basis of A. Set If any two of {i, j, k} are equal, then [e i , e j , e k ] = 0. So we can assume that {i, j, k} are distinct in the sum. Let S 3 denote the symmetric group of order 3. In the following, we let σ ∈ S 3 act on {i, j, k} by permuting the three locations. So denoting (i 1 
2) 
(3.10)
Let V be a vector space and let ∧ denote the exterior product. For example,
Let ∧ k (V) denote the k-th exterior power of V. 
The theorem has a direct consequence. Define an operator φ pq :
Obviously, φ pp is the identity. Then by Eqs. 
3.4.
The induced local cocycle 3-Lie bialgebras. We now provide the local cocycle 3-Lie bialgebras induced from skew-symmetric solutions of the 3-Lie CYBE. Hence the conclusion holds.
Combining Theorem 2.11, Theorem 3.9 and the results in the previous subsection, we obtain the following conclusion on local cocycle 3-Lie bialgebras. 
Then every skew-symmetric solution of the 3-Lie CYBE in the complex 3-Lie algebras in dimension 3 and 4 gives a local cocycle 3-Lie bialgebra

Double construction 3-Lie bialgebras and Manin triples
In this section we classify double construction 3-Lie bialgebras for complex 3-Lie algebras in dimensions 3 and 4. We also give the corresponding Manin triples. Proof. It is obtained by a straightforward computation of Eqs. (2.7) and (2.8) followed by comparing the coefficients.
With the conditions and notation as above, let { f 1 , f 2 , · · · , f n } be the dual basis of A * and ∆ * : A * ⊗ A * ⊗ A * → A * be the dual map. Then a direct computation shows that
If in addition, ∆ * defines a 3-Lie algebra structure on A * , then ∆ is a skew-symmetric linear map, i.e., for any permutation τ on {p, q, r}, Proof. At first, we claim that the following two equations are equivalent when p, q, r are fixed.
where a 2 , b 2 , c 2 are obtained by permuting a 1 , b 1 , c 1 . In fact, without loss of generality, we assume 
Simplifying those equations, we have 
∆(e 1 ) = ke 2 ∧ e 3 ∧ e 4 , ∆(e 2 ) = ke 1 ∧ e 3 ∧ e 4 , ∆(e 3 ) = ke 1 ∧ e 2 ∧ e 4 , ∆(e 4 ) = ke 1 ∧ e 2 ∧ e 3 . (5) in Proposition 2.6, then
∆(e 1 ) = ∆(e 2 ) = 0, ∆(e 3 ) = ke 1 ∧ e 2 ∧ e 3 + c 1 e 1 ∧ e 2 ∧ e 4 , ∆(e 4 ) = −ke 1 ∧ e 2 ∧ e 4 + c 2 e 1 ∧ e 2 ∧ e 3 . (6) in Proposition 2.6, then
∆(e 1 ) = ∆(e 2 ) = 0, ∆(e 3 ) = ke 1 ∧ e 2 ∧ e 3 + c 1 e 1 ∧ e 2 ∧ e 4 , ∆(e 4 ) = −ke 1 ∧ e 2 ∧ e 4 + c 2 e 1 ∧ e 2 ∧ e 3 . (7) in Proposition 2.6, then
(4.11)
Proof. We give an explicit proof for the Case (1) as an example and we omit the proofs for the other cases since the proofs are similar. Hence k = c 1 = 0. Substituting x = e 4 , y = e 3 , z = e 4 into Eq. (2.8), we get 0 = Φ e 3 ,e 4 (∆(e 4 )) = Φ e 3 ,e 4 (−ke 1 ∧ e 2 ∧ e 4 + c 2 e 1 ∧ e 2 ∧ e 3 ) = −2ke 1 ∧ e 2 ∧ e 4 + 2c 2 e 1 ∧ e 2 ∧ e 3 .
Hence c 2 = 0. Therefore ∆ = 0. Case (6) : Substituting x = e 3 , y = e 3 , z = e 4 into Eq. (2.8), we get 0 = Φ e 3 ,e 4 (∆(e 3 )) = Φ e 3 ,e 4 (ke 1 ∧ e 2 ∧ e 3 + c 1 e 1 ∧ e 2 ∧ e 4 ) = ke 1 ∧ e 2 ∧ e 3 + c 1 e 1 ∧ e 2 ∧ e 4 .
Hence k = c 1 = 0. Substituting x = e 4 , y = e 3 , z = e 4 into Eq. (2.8), we get 0 = Φ e 3 ,e 4 (∆(e 4 )) = Φ e 3 ,e 4 (−ke 1 ∧ e 2 ∧ e 4 + c 2 e 1 ∧ e 2 ∧ e 3 ) = −ke 1 ∧ e 2 ∧ e 4 + c 2 e 1 ∧ e 2 ∧ e 3 .
Hence c 2 = 0. Therefore ∆ = 0. Proof. In fact, for the 4-dimensional 3-Lie algebras of Cases (1), (3), (4) and (7), the corresponding ∆ appearing in Lemma 4.4 satisfies Eq. (2.8), too. We give an explicit proof for the Case (1) as an example and we omit the proofs for the other cases since they are similar. For the 3-Lie algebra of Case (1) Moreover, it is straightforward to check (also see the remark after this proof) that, for every ∆ appearing in the conclusion, the dual ∆ * defines a 3-Lie algebra on A * . Hence the conclusion holds.
